Focusing as an example on the description of the phenomenon of contact inhibition of growth, the aim of this chapter is to compare from the qualitative and whenever possible the quantitative point of view the results obtained using two very different modelling approaches, an individual based model and a continuum multiphase model.
Introduction
In typical experiments of cell culture it can be observed that after an initial exponential growth the rate of proliferation decreases as a consequence of the fact that cells come in contact. Cell density then saturates and it is said that the colony has grown to confluence. This phenomenon is often called contact inhibition of growth (Deleu et al. 1998 , Dietrich et al. 1997 , Kato et al. 1997 , Nelson and Chen 2003 , Polyak et al. 1994 , St. Croix et al. 1998 ) and is governed by some transmembrane proteins called cadherins that act as mechanotrasducers. The formation of the intercellular cadherin junctions inhibits proliferation, while on the contrary, their disruption triggers the production of growth factors which contribute to induce proliferation.
In pathological conditions the loss of contact responsiveness can lead to deregulated growth, a phenomenon which is commonly associated with the formation of hyperplasia (Uglow et al. 2000 , Gottardi et al. 2001 ) and malignant transformations (Tzukita et al. 1993 , Becker et al. 1994 , Oda et al. 1994 , Risinger et al. 1994 , Christofori and Semb 1999 , Cavallaro et al. 2002 . Actually, in the last paper the misperception of the presence of neighbouring cells is considered such a fundamental milestone in the development of tumours to be named "cadherin switch" in analogy with the "angiogenic switch" leading to the vascularization of tumours.
The other main mechanism considered in this paper is extracellular matrix remodelling. The extracellular matrix (ECM) is composed by many constituents produced by a variety of stromal cells, mainly fibroblasts. The ECM is continuously renewed and remodelled through both the production of matrix metalloproteinases (MMP) and the synthesis of new ECM. In stationary physiological conditions the remodelling of ECM is much slower than when new tissue has to be produced. For instance, in the human lung the physiological turnover of total ECM is 10-15% per day (Johnson 2001) , which means that a complete turnover takes nearly a week. On the other hand, at the initial stages of growth, in vitro endogenous proteins such as fibronectin and von Willebrand factor are released by endothelial cells and complex matrix is organised within a few hours after seeding (Chiquet et al. 1996 , Dejana et al. 1990 ). Our understanding is that upon reaching confluency the cells slow down the production of ECM components. On the other hand, when cells become malignant, they activate a proteolytic programme to cleave the extracellular matrix and penetrate more easily.
The composition of ECM changes with tumour progression. This process was considered souch important in determining cell growth, differentiation and movement that Liotta and Kohn (2001) mention the possibility of finding a "stromal therapy as a new strategy" against cancer. Actually, Zhang et al. (2003) showed that the content of collagen fibers increased with prostate cancer grade ranging from nearly 7% to 26% of the area analysed.
Moreover, it was found that many tumours are characterised by the formation of fibrotic tissue (Brewster et al. 1990 , Johnson 2001 , Pujuguet et al. 1996 or by degradation of ECM due to excessive production of MMP-13 (Yang 2004 ). Johnson (2001) argued that the formation of fibrosis can be due to several probably concurring reasons: increased de novo synthesis of ECM proteins, decreased activity of its degrading enzyme (MMP), and upregulation of the tissuespecific inhibitors of metalloproteinases (TIMP), that is, the molecules that make matrix degrading enzymes (MDEs) ineffective. In this respect, the mathematical model proposed by Chaplain et al. (2006) showed that all possibilities are valid, a possible discriminant being the amount of homeostatic MDEs present in the tissue.
The Multiphase Model
To take into account the different constituents present in a tumour and the mechanical structure of biological tissues the use of the theory of mixture was proposed by Byrne and Preziosi (2004) , , and Ambrosi and Preziosi (2002) . Many other applications of multiphase models have been proposed e.g. by Breward et al. (2002 Breward et al. ( , 2003 , Frank and King (2003) , Graziano and Preziosi (2007) , some of them also including the effect of the mechanical interactions with the surrounding tissues.
In constructing the multiphase model presented here we distinguish two sub-populations, one more sensitive to contact inhibition (the normal or host cells) and the other less sensitive to it (the tumour cells). Cells grow in a porous material formed by the extracellular matrix (ECM) and wet by the extracellular liquid. At first we will assume for sake of simplicity that the ECM network is rigid and fixed. Later on, we will drop the latter assumption allowing for ECM remodelling, but keeping its rigidity.
Cell populations
Referring to Ambrosi and Preziosi (2002) and Preziosi and Tosin (2007) for more details and to Astanin and Preziosi (2007) for a pedagogical chapter on how to develop multiphase models of tumour growth, let us denote by φ i ∈ [0, 1] the volume ratios occupied by the i-th cell clone and by m the volume ratio occupied by the ECM. Saturation implies that
with the remaining portion of space 1 − ψ is occupied by the liquid. For these quantities one can write the following mass balance equations
where following Chaplain et al. (2006) the velocity of the subpopulation i is given by
The coefficient K i is not only related to the pure permeability of the porous medium but also to the ability of cells to move through the ECM network, which involves two main aspects: space occupation and activation of adhesion mechanisms. The functions Σ i measure the response to compression that depends on the amount of cells present in the tissue. As far as the r.h.s. is concerned, the cell apoptotic rate may depend on the compression δ i = δ i (ψ), and the cell duplication rate is given by
where H ε is a monotonic mollifier of the step function with the properties that it is a continuous function with H ε (φ) = 1 if φ ≤ 0 and H ε (φ) = 0 if φ ≥ ε. Equation (3) represents a simple switch mechanism depending on the compression level. Referring to the phenomenological discussion presented in the previous section, it states that the cells belonging to the i-th population replicate if there is sufficient space to do this, that is if they sense a sustainable level of compression (ψ ≤ ψ i ), or equivalently stress (Σ i (ψ) ≤ σ i with σ i = Σ i (ψ i )).
Actually, it has been observed that growing tissues are usually not in a stress-free configuration (see Skalak et al. 1996) . A residual stress is in fact present in many cases and may be related to differential growth (Ambrosi and Guana 2007, Ambrosi and Mollica 2003, Humphrey and Rajagopal 2002). Actually, it seems that cells prefer to feel a moderate amount of stress (see Rouslahti (1997) and references therein). In the model presented here a local balance in the growth term is obtained for
Our assumption is that the threshold value ψ i is nearly equal to the stress-free value ψ 0 for normal cells and slightly larger for abnormal ones. Actually, growth might even be independent of ψ, meaning that the tumour cells are completely insensitive to mechanical cues and continue replicating independently of the compression level. Even in the case ψ n = ψ 0 , Eq.(4) implies that the stationary value is larger than ψ 0 .
Of course, the growth term depends on other quantities, e.g. the amount of nutrient and growth factors. In this chapter, however, we want to focus on contact inhibition as a test case and therefore assume that all nutrients are abundantly supplied and neglect the effect of growth factors. In doing this we tacitly assume that all the constituents necessary for the cell to grow and undergo mitosis can be found in the extracellular liquid.
In the following examples we will consider only two populations identified by the index i = t, n for tumour and normal cells, and the case in which they only differ for the stress perception, i.e., ψ n < ψ t , or for the motility characteristics, i.e., different K i . All the other coefficients are the same, in particular, γ n = γ t and δ n = δ t meaning that the reproduction and apoptotic rates are the same.
For sake of clarity the model that will be used in the following simulation is summarised here
ECM proteases and remodelling
The extracellular matrix is an intricate network of fibrous material made of many macromolecules, including fibronectin, laminin and collagen, which can be degraded by matrix degrading enzymes, usually shortened as MDEs (Matrisian 1992 , Parson et al. 1997 ). Active MDEs are produced (or activated) by the cells, diffuse throughout the tissue and undergo some form of decay, either passive or active. The equation governing the evolution of MDE concentration might therefore be written as
where the functions P n and P t model the production of active MDEs by normal and tumour cells, respectively. In order to introduce metalloproteinasis as an effect of the transition of tumor cells to the mesenchymal state in Eq. (6) we allow P t to depend on the cell speed, which in turn is related to the stress gradient through (2) . From the simulations shown in Figure 3 to follow it is evident the stronger gradients and higher velocities occur next to the tumour boundary, so that the action of the extra-production of MMP by the cells at the boundary of the tumour is to cleave the ECM located close to the boundary and increase cell motility. In particular, we will take
Upon contact, MDEs degrade the extracellular matrix produced by the cells in a stressdependent way. Hence the degradation process can be modelled by the following simple equation
where ν is a positive constant and µ n and µ a depend on whether the cells are in a confluent situation or not, or on the fact that the tissue is subject to strain. In the simulations to follow we will however take them as constant. In (8) we distinguish the production of ECM by normal and abnormal cells, because the production rates can be different. Actually, in Preziosi and Graziano (2007) it was shown how fibrosis can be caused by the excessive production of ECM by the tumour cells.
Hence the following system of equations will be added to (5) in the simulation that model ECM proteases and remodelling
3 The Individual Cell-Based Approach
The impact of multiple cellular alterations, as failures of the cellular growth control mechanisms, on tumor growth and invasion can be alternatively studied applying individual based computational approaches, so called individual cell-based or agent-based models. In these models individual cells are able to move, to grow and to divide and can form (adhesive) contacts to neighbor cells and/or matrix components. A number of different individual based models of cell populations have been studied so far. They comprise:
• cellular automaton models where each cell is represented by a single lattice site . In the following we focus on off-lattice models.
In off-lattice models the dynamics of the cells is described either by equations of motion for each individual cell or by Monte-Carlo approaches. Both approaches were shown to yield comparable results (Drasdo et al. 2007, Drasdo and Hoehme 2005) . Testing the robustness of simulation results against modifications of the assumed mechanisms, it was demonstrated, that neither details of the assumptions regarding cell shape and cell division mechanisms nor assumptions about the precise shape of the interaction force between the cells significantly affect the growth behavior on long time scales (Drasdo et al. 2007 , Galle et al. 2006a .
As a specific feature individual cell-based models allow for integrating sub-cellular regulation processes. Following this strategy environmental signaling was linked to intracellular decision processes controlling cell growth and apoptosis as well as to cell migration and proteolysis (Hoehme et al. 2007 , Galle et al 2006b Galle et al , 2005 ). These studies demonstrate that if these models are parameterized by characteristic, experimentally accessible cell and substrate properties and involve growth control mechanisms, these models are capable of explaining the complex spatial growth and pattern formation processes of cell populations. In the following the model described by Galle and co-workers (Galle et al. 2005 ) will be considered as a representative example of 3D individual cell-based models. The model was originally introduced analyzing growth control mechanisms of transformed epithelial cell populations expanding in standard Petri dishes and was further developed linking the growth properties under these conditions to the invasion dynamics of colorectal carcinoma in vivo (Galle et al. 2006b ). Including an explicit control mechanism of the cell volume, the model enables straightforward simulations of regulation dynamics related to dense cellular packing. Thus, it is well suited comparing IBM behavior with that of the PDE systems introduced above.
The basic model for tumour growth and invasion
An isolated cell is represented by an elastic sphere of radius R and the substrate of the Petri dish by an impenetrable sphere with infinite radius. If a cell gets into contact with the substrate or with other cells, the cell adheres. The adhesive cell-substrate and cell-cell interaction energy is approximated by
where k denotes the average adhesion energy per unit contact area and A C the actual contact area for contact to the substrate (k = s) or another cell (k = c), respectively. As a result of the contact the shape of the cell changes by flattening at the contact area. Consequently, the volume of the cell changes as well. The energy related with a volume change of the cell is approximated by the energy of a uniform compression (or inflation) of a homogeneous elastic solid with bulk modulus
Here, V A is the actual volume of the cell and V T the target volume, i.e. the volume the cell would adopt if it were isolated.
Moreover, the deformation energy for the contact is calculated from the Hertz model
Here, R i , R j are the cell radii and the terms x k (k = c, s) are defined by the distances of the cells (Fig. 1) . The constant D i,j is related to the Young modulus and the Poisson ratio of the interaction partners (Landau and Lifschitz 1986) .
The total interaction energy between two cells i and j is defined by
W i,j depends on the distance between the cells and the radius of both cells. Thus, the cell-cell contacts can equilibrate via cell displacements or by changes of the cell radius R. The total interaction energy between a cell and the substratum W i,s is defined in an analogous way. The generalized forces on cell i which drive the dynamics are given by
r i,j = |r i,j | = |r i − r j | where r i and r j are the position vectors of cell i and j, respectively. In the same way r i,s is the distance between cell i and the substrate s. n i,j = r i,j /|r i,j | and
The dynamics of each individual cell i is modeled by Langevin equations in a friction dominated regime. Thus, in the absence of an external stimulus the cells perform a random movement. The displacement and radius change of cell i are modeled in separate equations as
for the force balance determining the translational cell movement with velocity w i = dr i /dt and A two phase cell cycle is assumed in the model to consider cell proliferation. During Phase I (interphase), a cell doubles its target volume V T by stochastic increments. This growth process results in an approximately Γ-distributed, i.e. variable, growth time τ of the cells. During Phase II (mitotic phase), a cell divides into two daughter cells of equal target volume V T = V 0 . The orientation of cell division occurs perpendicular to the direction of the maximum force exerted on a cell.
Further details can be found in (Galle et al. 2005 ).
4 Application to Colony Growth Dynamics
In this section we will apply the two modelling approaches briefly introduced in Section 2 and 3 to describe the phenomenon of contact inhibition. Cellular growth control mechanisms were introduced into the IBM model to study the impact of failures of these mechanisms on population growth, tumor expansion and invasion. In particular, a cell-cell contact dependent form of growth inhibition was considered assuming:
-that if the actual volume V A of a cell is smaller than a threshold value V inh < V 0 the cell is sufficiently compressed by their neighbor cells to inhibit growth.
This assumption corresponds in the multiphase PDE model to the choice of growth term expressed in (3). The contact inhibition mechanism was combined with two further control mechanisms which relate the loss of cell-matrix contacts to programmed cell death (anoikis) and impeded proliferation (anchorage dependent growth).
Each cell in the IBM model described above is characterized by a set of experimentally accessible bio-mechanical and cell-biological parameters. For cells of tumor cell lines growing in vitro most of them can be derived from literature. The remaining ones can be determined forcing the model to reproduce the colony growth dynamics (2D and/or 3D) of the cells under consideration.
Contact inhibition affects the growth of tumour cell colonies in vitro
Generally, two phases can be distinguished during colony growth in vitro: an initial phase where the number of cells grows exponential allowing to derive the cell doubling times and a subsequent phase where the colony diameter grows linearly, i.e. with a constant spreading velocity. Eventually, if the colony is close to confluence its growth decreases till it stops.
Analyzing the growth of tumor cell monolayers, our experimental collaborators in Galle et al. (2006b) found for Widr cells (cells of a colorectal adenocarcinoma cell line) two morphological identical subpopulations (SP), SP fast and SP slow . Their doubling times are the same, but SP fast spreads faster than SP slow . Assuming a smaller value of the threshold volume V inh for the subpopulation SP fast compared to SP slow , results in a quantitative description of the observed colony growth even regarding the distribution of proliferation events (Fig. 2) .
Assuming that cells of SP fast are characterised by a larger Young modulus or smaller cellsubstrate friction, i.e. are more motile, one would get comparable results; as long as the cell layer remains stable. Thus, differences in the sensitivity to contact inhibition as well as differences in cell properties affecting the relaxation of cell compression can explain the dynamics of the different subclones.
In Figure 3 we use the multiphase PDE model (5) to describe a situation similar to the experiment shown in Fig. 2B . Two populations of tumor cells are virtually seeded in the points (0.4, 0.4) and (0.4, 0.6), i.e., at a distance of 200µm. Here, the only difference between the two populations is that we assume the left one to have a ten times higher motility coefficient. However, we mention that comparable results would be achieved if cells of the colony on left were assumed to be stiffer or characterised by a higher stress perception.
At the very beginning the assumption does not cause any difference in the growth of the two colonies. However, from a plot of the growth rates ( Figure 3B ) it is evident that while all cells duplicate on the SP fast colony, in the SP slow colony the cell in the center duplicate less. This is due to the fact that the less motile colony does not release the inner stress so fast. The cells in the center are too compressed to activate their duplication programme. The radius of the colony on the right is a bit smaller than that on the left. However, if one integrates the densities (better saying the volume ratio) of the two clones to get the mass of the colonies (better saying the volume occupied by the two colonies), they are identical (see Fig. 4A ). At this stage the growth of both colonies is nearly exponential (see Fig. 4B ).
Going on with time the difference between the two clones becomes more and more evident with cell proliferation segregated to the proliferating rim. This is similar to what observed in many papers on tumour growth as an effect of nutrient availability inside the tumour. However, we remind that in the models presented nutrient distribution is not taken into account and it is not an issue in the experiment as the colonies grow on a Petri dish. The proliferating rim is simply due to contact inhibition and by the same reason duplication is mainly restricted to cells close to the boundary in the IBM model.
As the populations grow, the mass of the population on the right departs from the one on the left (see Fig. 4A ), like in the IBM model (Fig. 2D) .
After nearly 6 days the two colonies touch and growth is inhibited on the contact line (see Fig. 3C,D) . However, the cells on the outer border keep duplicating and those on the left are always more active, so at the end the colony on the right is almost engulfed by the one on the left (Fig. 3E,F) . This last configuration is close to the one presented in the experiment shown in Figure 2B . From Figures 3D, and 3F , it can be appreciated how the contact between the two clones progressively inhibits also the proliferation in the population on the left.
The evolution of the cell mass (Fig. 4A ) and of the cell effective diameter (Fig. 4B) , defined as the diameter of the circle having the same area as the one occupied by the clone, should be compared with the equivalent Figures 2E,F. A qualitative comparison gives an amazing similarity of the results of these two very different models.
Thus, in both modelling approaches differences in cell properties that affect contact inhibition of growth can explain the dynamics of different subclones of growing tumor cell populations.
Contact Inhibition Affects Population Morphology and Age
A detailed analysis of the effect of contact inhibition of growth on the expansion of tumor cell colonies in vitro showed that the mechanisms has also significant impact on the spatial growth patterns (Galle et al. 2005 ). In stable cell monolayers the sensitivity of the cells to contact inhibition of growth affects the width of their proliferating zone. Under these growth conditions, decreasing the sensitivity of the cells results in a broader proliferation zone and an increased spreading velocity as mentioned in the example above. However, decreasing the sensitivity below a critical value, results in a decreased spreading velocity of the population due to monolayer destabilization. Cells in the interior of the monolayer are pushed out of the monolayer forcing a continuous renewing of the population. Accordingly, proliferation events are found throughout the growing colony.
Switching of the anchorage dependent control mechanisms the model allows studying the formation of 3d multicellular aggregates, as tumor spheroids. In principle, the 3d growth dynamics simulated by IBMs parallel that observed in monolayers. So, in tumor spheroids contact inhibition of growth was shown to control the width of the proliferating rim and consequently lead to a constant growth velocity of the spheroid diameter (Drasdo and Hoehme 2005) .
Changes of the width of the proliferating zone are also obtained using the multiphase PDE model. Looking at the profile of the growth terms, one can see that it is characterized by a plateau near the boundary and then decreases very fast going to the core of the colonies. This makes it difficult to define a proliferating thickness, but it can be qualitatively stated that the thickness of the plateau region linearly depends on the sensitivity to contact inhibition, here measured through the quantity D = ψ t − ψ n , while the thickness of the decay is almost independent of ψ t − ψ n .
Application to Clonal Competition and Proteolytic Invasion
In this section we will focus on the effects of contact inhibition of growth on tumor expansion due to clonal competition and proteolytic invasion. In all simulations tumor cells were characterized by a decreased sensitivity to contact inhibition of growth (V tumor inh < V normal inh in the IBM model 8 and ψ n < ψ t in the PDE model). In the following this difference is quantified by the parameter 
Clonal competition by different sensitivity to contact inhibition
To prepare a scenario of clonal competition within the IBM we started with a population of normal cells with full contact inhibition filling a closed box. The cells induce a persistent 'within-tissue' pressure corresponding in the multiphase PDE model to the volume ratio
This pressure keeps the normal cells quiescent due to contact inhibition of growth. Subsequently, an initial tumor clone is generated selecting a few cells at the center of the box and decreasing their sensitivity to contact inhibition of growth. This growth advantage would enable them to expand under the initial conditions but only until the pressure is high enough to stop proliferation of the tumor cells as well (Galle et al. 2006b , Chaplain et al. 2006 ).
The PDE model simulation starts with an extremely small initial value for the tumour cells φ t = 10 −5 , seeded in a virtual environment made of 50% of cells and 20% of ECM. In Figure 5A we plot for a homogeneous situation the volume ratio of the cell populations and the overall volume ratio ψ. The evolution can be divided into three phases. The first one (say up to 10 days) is characterized by a simple partial replacement of normal cells by tumour cells, keeping the total volume ratio unchanged and constantly equal to ψ n . Therefore in this phase there is no compression. After that, in the second phase, the amount of tumour cells undergoing mitosis is larger than the amount of normal cells undergoing apoptosis, so that the total volume ratio ψ starts exceeding the stress-free value ψ n , till it reaches the value for which also tumor cells start feeling the pressure and undergoing contact inhibition themselves. However, in this third stage there are still normal cells that progressively die. Eventually, the tissue is entirely filled by tumour cells, surviving in an overcompressed state and subject to contact inhibition.
Figure 5B focuses on the invasion process. The space dependent integration puts in evidence in particular how the invasion velocity becomes constant. Through a travelling wave analysis that can be performed for small D = ψ t − ψ n , Chaplain et al. (2006) evaluated analytically that the invasion velocity can be approximated by
In particular, the invasion velocity goes like the square root of the sensitivity parameter. Coherently with the multiphase PDE model which is characterized by an apoptotic rate δ, to induce ongoing competition between the two different cell clones, we considered in the IBM model a defined overall rate of spontaneous apoptosis w apop (additional to the substrate contact dependent one). Assuming the same rate w apop for both clones, the clone with the low sensitivity to contact inhibition of growth expands continuously and eventually completely replaces the other one as in the PDE model. Figure 6A shows the total cell number as well as the cell numbers of the individual clones; Figure 6B the tumor radius, which grows linearly with time coherently with the constancy of the invasion velocity. Again a close relation to the dynamics observed in the PDE model is demonstrated for monolayers stable adhering to the underlying substrate (compare Figs. 5A and 6A) .
Moreover, by variation of the sensitivity parameter F we found that the less sensitive the tumor cells to contact inhibition of growth are the faster their clones spread. We calculated the initial expansion velocity of the tumor clones V expa = dR tumor /dt considering clones with a radius R tumor smaller than L/4. As shown in Fig. 7A we found V expa to be roughly proportional to √ F as observed in the PDE system (see Fig. 5C ). However, IBM specific effects and phenomena at the cellular scale are more visible in this case.
Except for very small apoptosis rates w apop , we observed only a weak dependence of the expansion velocity on this parameter. This effect is related to a limited relaxation of the tissue, i.e. it is related to the reduced motility of the individual cells due to the presence of strong cellular friction forces. As demonstrated in Fig. 7B decreasing the friction coefficient for the cell-cell and cells-substrate friction µ broadens the range where the dynamics depends substantially on the apoptosis rate and increases the expansion velocity.
The observation obtained above using the IBM model is compatible with (19) that shows that the invasion velocity goes like δ(γ − δ) with other parameters kept fixed.
Thus, regarding clonal competition in the IBM model, contact inhibition of growth acts in concert with the motility of the cells to determine the expansion dynamics.
Modeling proteolytic tumor cell invasion
The clonal competition model described above can be utilized to simulate tumor invasion. For that purpose the normal cells of the model are considered as "stroma cells" which represent both cell and matrix components of the tumor stroma (Galle et al. 2006b ). In the following we focus on 2d invasion dynamics facilitating direct comparison with the clonal competition situation.
For the invasion simulations using the IBM model we assumed the spontaneous apoptosis rate w apop to vanish. Thus, the initial conditions refer to complete contact inhibition of growth in the system (Fig. 2) . To ensure invasion the tumor cells are assumed to degrade the surrounding stroma cells with a defined rate w prot per cell-cell contact, i.e., we assume the tumor cells to be proteolytic active. Changes of the proteolytic activity of tumor cells are modeled changing this rate w prot . From the physiological point of view such an effect can be also related to the fact that the anaerobic metabolism used by tumour cells generates a low pH-environment in which normal cells have more difficulties in surviving (Gatenby and Gawlinski 1996) .
Considering this kind of proteolysis we found in the IBM simulations a two-phase invasion dynamics (Fig. 6B ). An initial phase, where the diameter of the tumor increases non-linearly, is followed by a phase which is characterized by a constant invasion velocity of the tumor clone v inva = dR tumor /dt. Analyzing v inva for R tumor < L/4, we found that while F > 0 is required for invasion, for large values of F the invasion velocity becomes independent of F (Fig. 7C) . Moreover, as shown in Fig. 7D , we found v inva to be directly proportional to the degradation rate w prot . Within the considered parameter ranges these results were found to depend not on the tissue relaxation properties.
Thus, regarding tumor invasion in the IBM model, contact inhibition of growth represent a prerequisite of the process but does not determine the invasion velocity.
For sake of completeness, we briefly report some results obtained by integrating the model (5, 9) in the case in which strong ECM cleavage due to mesenchymal transition and overproduction of ECM by tumour cells are co-present. As shown in Figure 8 the proteolytic mechanism (obtained setting π v = 0 produces an overexpression of MDEs near the tumour border, which cleaves locally the ECM. However, the cells in the center of the tumour produce new ECM at a higher rate than physiological (µ t > µ n ). Eventually the ECM occupies more space and cells less space than in the physiological case. In fact, in the fibrotic tissue the ECM to cell ratio raises from 0.4 up to 1.
Final Remarks on Hybrid Modeling
In this chapter we have shown how IBM and PDE models can be used to study the same biological problem obtaining similar results from the qualitative and to some extent quantitative point of view. Of course each method has its fors and againsts, starting from the fact that PDE models are more proper to describe the behavior of tissues from the macroscopic point of view will IBM models are able to look more closely at what happens at the cellular level.
The main difficulty in relating the two models stays, in our opinion, in the fact that sometimes it is not easy to relate parameters measured at the tissue level with those measured at the cellular level. For instance, it is difficult to transfer the concept of constitutive model from continuum mechanics to cell-based models. At the same time, it is difficult to transfer measurements made on single cells to the tissue level, e.g., strength of adhesion bonds, or receptor activation.
On the background we are aware of the fact that the challenge nowadays seems to be to describe biological process not using a single-scale view but in a multi-scale landscape. In this respect, IBM are more flexible and suited to insert in each cell sub-cellular mechanisms, and to exploit the most recent discoveries in the fields of biochemistry, genomics and proteomics. On the other hand, unfortunately it is well known that IBM might become computationally expensive, when using a large number of cells. It would then be computationally prohibitive to increase the complexity of the behaviour of single cells. On the other hand, it is often not important to keep this level of details throughout the tissue. For this reason it would be important to link IBM and PDE models, building hybrid models that combine and exploit the advantages brought by the different frameworks.
Some steps in this direction are presented in Drasdo (2005) and Kim et al. (2007) and we believe that in general such an attitude and attention will produce the key to unlock the function of complex tissues based on their genetic and cellular composition. The top curve refers to ψ, the others to MDE concentration and ECM volume ratio, with degradation at the tumour boundary and fibrosis formation in its central region.
